We find new analytic solitary-wave solutions, having a nonzero background at infinity, of the general fifth-order shallow water wave models using the hyperbolic function ansatz method. We study the dynamical properties of the solutions in the combined form of a bright and a dark solitary-wave by using numerical simulations. It is shown that the solitary-waves can be stable or marginally stable, depending on the coefficients of the model. We study the interaction dynamics by using the combined solitary-waves as the initial profiles to show the formation of sech 2 -type solitary-waves in the presence of a strong nonlinear dispersion term. -PACS: 03.40. Kf, 02.30.Jr, 47.20.Ky, 52.35.Mw 
Introduction
While it is easy to write down in closed form a solitary wave solution for the simplest standard model, namely the Korteweg-de Vries (KdV) equation, it has proved quite difficult to obtain the existence of such solutions for the problems from which the KdV equation was derived as a first approximation [1] . As such KdV hierarchy models, we investigate generalized fifth-order shallow water-wave equations which describe certain physically-interesting (1+1)-dimensional waves [1] (see Kichenassamy and Olver [2] regarding physics motivations for this type of models):
where α, µ, γ, q, r are model parameters, v(x,t) is a real scalar function and the subscripts denote partial derivatives. The equation reduces to the standard KdV equation for µ = 1 and q = 3 or µ = 1 and q = 1, depending on the normalization scheme, with α = γ = r = 0. Equation (1) also contains some higherorder approximations to the (third-order) KdV equation, and in fact it can be reduced to the fifth-order KdV equation only for qγ = 3rµ and 3γµ = 5qα, in which case there is a family of exact sech 2 -type solutions [2] .
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The equation has been previously investigated by many authors due to its richness in mathematical and physical properties [1 -8] . It has been shown by Benjamin et. al. [3] and Weinstein [4] that solitary-wave solutions exist in the case of γ = 0 and µ < 0. Meanwhile Amick and Toland [5] have proven the existence of solitary-waves of speed −1, if α = 1, r = γ = 0, q = 1, and µ is less than some positive number. Kichenassamy also has shown that there exist nontrivial solitary-waves if α > 0, r ≤ 0, q = 0, and µ > 0, without presenting explicit analytic solitary wave solutions [1] . More recently, some new analytic solitarywave solutions have been found by the authors in [6 -8] by using the tanh-method [9] or applying the truncated Painlevé expansion [10 -12] .
In this paper, we show that (1) bears new solitarywave solutions with two peaks, i.e. a combined state of a dark and a bright solitary-wave, and investigate their dynamics by numerical simulations. In Sect. 2 we introduce an ansatz which allows to show the existence of a combined solitary-wave solution and to perform a symbolic computation to find the necessary constraints for such solutions. In Sect. 3 we numerically investigate the stability of the combined solitary-waves by utilizing the Fourier Spectral method [13] . In particular, we study the interaction dynamics by using the two solitary-waves as initial profiles in the presence of strong nonlinear dispersion coefficients. Our conclusions follow in Section 4.
Analytic Solitary-wave Solutions
In this section, we would like to apply a generalized hyperbolic function method similar to those in [14 -16] as an ansatz to find a solution of (1) in the form
where N and M are integers determined via the balance of the highest-order contributions from both the linear and nonlinear terms of (1), while A m (t), B n (t), G(t), and H(t) are differentiable functions which are related to the wave amplitude. Note that our ansatz is different from those is [14 -16] by the fact that tanh m ψ is replaced by sech m ψ. An advantage for adopting such an ansatz is obviously the possibility of finding more interesting solutions beyond the usual bright and dark solitary-waves represented by only the powers of sechψ or tanhψ. The main purpose of this section is to show that the combined dark and bright solitary-wave solutions indeed exist under certain constraints satisfied by the model coefficients.
With the ansatz (2) we can determine M and N from various physical constraints between the model coefficients such as dispersion, dissipation, and nonlinearity, either separately or in various combinations. In our case, the highest order dispersion term v xxxxx has sech M+5 ψ and sechψ · tanh N+5 ψ, and the highest nonlinear dispersion term v 2 v x has sech 3M+1 ψ and sechψ · tanh 3N+3 ψ, from which we get M = 2 and N = 1.
In the following, we adopt a traveling solitary-wave ansatz with constraint amplitude in the form
where the parameters A m , B n , ω, and k can all be complex. However, for the simplicity, they are all taken to be real, as for this case only physically meaningful solitary-wave solutions may be obtained. On substituting the ansatz (4) into (1), equating to zero the coefficients of like powers of tanhψ, we obtain 13 very complicated equations to be solved simultaneously to find A m , B n , k, ω, and the necessary constraints among the model coefficients. However, because it is impossible to handle the equations even using symbolic packages like Maple or Mathematica, we put a special constraint on the amplitudes, i. e.
since A 1 + B 0 is the common factor for the 6 equations. This constraint in fact is equivalent to eliminate the first order sech-term from (4) . Under this constraint, we have the following 7 equations to solve:
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2 γB 2 1 = 0. In order to further reduce the remaining equations, we assume an additional constraint on the amplitudes, i. e.
which is equivalent to replacing the first part of (4) by tanh 2 (kx + ωt). This constraint results in the solitarywave to have the same value at both infinities. Note that the A 0 + A 2 = B = 0 constraint would only yield an additional constant term. Under these constraints on the amplitudes, from (9), we find This condition leads to the simplification of (12)
which result in three possible solutions for the amplitude A 2 = −A 0 , namely
In the rest of the paper, we consider only the first amplitude, i. e.,
r , since the others will yield similar solitary-waves, under different constraints among the model coefficients. After substituting (16) into the above remained equations, one finds the fifth-order dispersion relation for ω(k) from (10) as
where ω(k) is defined as the angular frequency and k is the wave number. Subsequently, we obtain the wave number from (7) as
Under these conditions on the amplitudes and the given ω(k) and k, the initial 13 equations reduce to the following final constraint to be satisfied among the model coefficients
which comes from (11). We note that there are two fixed coefficients in (1), i. e. µ = 1 and q = 3 or µ = 1 and q = 1, depending on the normalization scheme of (1). In the rest of the paper, however, we adopt µ = 1 and q = 3 to find
which shows that the highest dispersion term is balanced with the various nonlinear terms in (1). To sum up, a new analytic solitary-wave solution of (1) has been obtained as
where
with the constraint (20) among the coefficients. Thus, we can determine the allowed coefficient region for (r, γ), by requiring k and B 1 to be real, as
We find, as usual, the group speed v g = ∂ω/∂k and the phase speed v p = ω/k of the dark-bright solitarywave as
As shown in Figs. 1(a) and 1(b), for v + (x, 0) with positive B 1 and v − (x, 0) with negative B 1 for three different values of r, γ, and α, the solitary-wave does portray some interesting properties: First, it has both a minimum and a maximum peak due to the antisymmetric function B 1 sech(kx) tanh(kx) and the symmetric function A 2 tanh(kx) 2 . Second, it has a non-vanishing background at infinity, i. e., lim x→±∞ v(x,t) = −A 2 , which depends only on the highest nonlinear dispersion coefficient r. In the rest of paper we denote the combined solitary-wave as CSW and study its dynamical properties by numerical simulations. Fig. 2 Figure 2 
(a). (b) The total energy E(t) is shown to be approximately conserved because of the reduced radiation in comparison with that in

Dynamics of the Combined Solitary-waves
In this section we numerically integrate (1) to understand the stability and dynamics of the CSWs discussed in section 2. Here, the definition of "stability" means that the analytic solitary-wave preserves, when it is substituted to (1) and numerically integrated, its initial profile for a long propagation time without losing the total energy by radiation. The numerical scheme used in this work is based on the Runge-Kutta fourth-order scheme for the time domain and pseudospectral method using the discrete fast Fourier transformation in the spatial discretization [13], applying periodic boundary conditions. The numerical errors in the spatial discretization were controlled by varying the number of discrete Fourier modes between 128 and 1024. Various time steps between 10 −5 and 10 −3 are chosen for a stable wave propagation.
For the following analysis, we take the CSWs from (21) as initial profiles in the form
by setting B 2 = A 1 , for convenience, which is satisfied under r = 28γ/9. Before proceeding, we note that (1) is in general non-integrable equation, it is not certain whether the equation contains infinite numbers of time-independent integrals. However, as at least the fundamental CSWs indeed do exist, we want to define the simplest two such integrals, namely the normalized 
respectively, to further understand the dynamics of the solitary-waves. Fig. 2(a) shows the evolution of CSW for the coefficients belonging to Fig. 1(a) , namely γ = 1, α = 0.34286, and r = 3.1111. In Fig. 2(c) , we compare the numerically simulated profile at t = 20 with that of the exact CSW from (21), showing that the simulated CSW becomes unstable by emitting radiation in form of the oscillating tail. This radiation process acts as an effective friction, so that the speed of the solitary-wave gradually decreases along its propagation. Meanwhile, from Fig. 2(b) we find that the mass integral M(t) conserves the initial value, but E(t) slowly increases before saturating to a constant value after t = 12, which is due to the fact that the core of the CSW is isolated from the radiation. By using the same set of coefficients as in Fig. 2 , we simulate the propagation of the CSW with the negative B 1 amplitude in Figure 3 . In comparison to Fig. 2 with a positive B 1 amplitude, the CSW in this case emits less radiation during the propagation as depicted in Figure 3(b) . As the result, the phase speed of the CSW core is close to that of the exact solution (dot-dashed curve) at t = 20 in Figure 3 (c). However, it should be noted that the core part of the CSW separates from the rest of the oscillating tail and resembles to the shape of a sech 2 solitary-wave as it further evolves. Even though the CSWs considered above are unstable, it is still interesting to know their interaction dynamics. Thus, we consider the evolution of two CSWs with the following initial profiles: Figure 4 . Initially, the CSWs do not influence each other, but they start interacting as soon as the radiation in the form of an oscillating tail is emitted, as shown in Figure 4(a) . From Fig. 4(b) we observe that the whole interaction process is 'inelastic' in the sense that E(t) increases by more than 10% from the initial value and saturates to a constant value for t > 20, owing to the presence of the oscillating tail. Fig. 4(c) presents the snapshot of v(x,t) at t = 30 (dot-dashed curve), showing a strongly oscillating tail. By choosing a different set of coefficients, for example γ = 0.8, α = 0.274 and r = 2.488, which leads to a higher amplitude than that in Fig. 4 , we demonstrate that the CSW core takes the shape of a sech 2 -type solitary-wave when the emitted radiation interacts with the lower peaks of the CSWs as shown in Figs. 5(a) and 5(c). We also note that the normalized energy in Fig. 5(b) varies by less than 1% during the interaction and in fact saturates to a constant value. After many simulations, we conclude that some variation in E(t) is a general tendency since the nonlinear dispersion coefficient r decreases with decreasing γ value, however with increasing amplitude. It is worth mentioning that, as δ decreases the evolution time at which the core separates from the rest of radiation is also shortened.
Finally, we investigate in Fig. 6 the evolution of CSWs with the reversed polarity, i. e. with the initial profile as v − (x + δ ) + v − (x − δ ), making the choice γ = 0.7, α = 0.24, and r = 2.178. In comparison with Figs. 5(a) and 5(b), the formation of a sech 2 -type solitary-wave in the core is shown to be more evident in Figs. 6(a) and 6(b), indicating an elastic process in the sense that E(t) is almost constant during the interaction process. This can be understood by comparing v + (x,t) in Fig. 2 with v − (x,t) in Fig. 3 , where the minimum peak of the former is located at the leading side while for the latter it is located at the trailing side. Therefore, a more stable sech 2 -type solitary-wave in the core is formed under less oscillating radiation background. 
Conclusions
In this work, we have found a new analytic coupled solitary-wave solution, having a nonzero background at infinity, of the general fifth-order shallow waterwave model using the hyperbolic function ansatz method similar to [14 -16] . The CSW solution in (21) -(22) exists under the balance condition (20) in the coefficient region in (23). Even though it has not been analyzed here, two additional families of solutions do exist for the different amplitudes as shown in (16). We have shown by numerical simulations that the CSWs are unstable and emit radiation in the form of an oscillating tail during their propagation, as depicted in Figs. 2 and 3 . It is noted that the high resolution numerical scheme adopted in this work guarantees that the radiation is not a numerical noise but the dynamical nature of the CSW. The interaction dynamics of two CSWs has been investigated in
Figs. 4 -6 for the cases of the same initial polarities, i.e. the same B 1 amplitudes. By examining M(t) and E(t) as defined in (26), we can conclude that the interaction process is not exactly elastic. However, depending on the coefficients and polarities of the two CSWs, in particular, an almost elastic interaction has been shown to occur in Fig. 6 . The fact that the cores of the CSWs during the interaction resembles sech 2 -type solitary-waves has been cleary demonstrated in Figures 5 and 6 .
